The preceding to this study was a finite element analysis (FEA) of transient temperature fields in a disk brake. In this paper, a FE model to determine corresponding quasi-static stresses in a such tribosystem is proposed. Numerical simulation of a single braking process for the 2D axisymmetric model of the brake disk is carried out. It is assumed that the contact pressure on the friction surfaces is constant, and the angular speed decreases linearly. Evolutions and spatial distributions of the components of the stress tensor and the equivalent Huber-Mises stress in the disk are analyzed.
Nomenclature B, C, D -matrix of differential operators, heat capacity matrix and elasticity matrix

Introduction
The basis of analysis of problems of heating in brake systems and the concurrent phenomena are solutions of thermal problems of friction -equations of motion, boundary-value heat conduction problems and laws of wear. These solutions may be obtained by means of analytical methods (e.g. Evtushenko et al., 2005 , Matysiak et al., 2007 or several numerical and analytical-numerical methods, among which the most popular is the finite element method (Zienkiewicz et al., 2005) and the boundary element method (e.g. Burczyński, 1995) . In this paper, results of calculations carried out using finite element software package MSC.Nastran and personal software are presented. During braking stationary pads are pressed to the rubbing path of the rotating disk and mechanical energy is converted into heat. Temperature on the contact surfaces rises rapidly, which results in temperature gradients and stresses due to thermal expansion. Interactions between the temperature and the stresses are coupled. In calculations, however, this relationship is frequently omitted due to small deformations, analyzing the heat conduction and the thermoelasticity problems separately (Zagrodzki, 1985; Dufrénoy and Weichert, 2003; Collignon et al., 2013) .
Both the disk and pads, are exposed to various negative effects resulting from high temperature, however, the essence of the material failure of both components is different and requires separate considerations. In typical applications of disk brakes, the pads cover the working surface of the disk partly, therefore the temperature in the circumferential direction is non-uniform. A comparative analysis of axisymmetric and three-dimensional transient temperature fields in a brake disk was carried out by Adamowicz and Grzes (2011a,b) . It was observed that the temperature change during braking for a particular location on the contact surface calculated using the three-dimensional FE model revealed apparent fluctuations according to the pad-disk relative displacement, whereas the axisymmetric model allowed one to calculate average contact temperature changes. Therefore, an effect of non-uniform heating of the friction surface is frequently neglected above a certain relative sliding speed or alternately if the cover angle of the pads is close to 2π (Yevtushenko and Grzes, 2011a,b; 2012) . A three-dimensional model to study an influence of convective cooling on the temperature of the disk during a single and a multiple braking process was developed by Adamowicz and Grzes (2011a,b) based on the model from the article by Adamowicz and Grzes (2011a,b) . Further investigations of 3D temperature field of the disk concerned analysis at temperature-dependent thermophysical properties of materials (Adamowicz and Grzes, 2013) . A review paper on numerical modeling of the frictional heat generation phenomenon in disk brakes and clutches using the finite element method was given by Yevtushenko and Grzes (2010) .
Axisymmetric temperature and quasi-static thermal stress fields in the disks of a wet clutch were studied in articles by Zagrodzki (1985 Zagrodzki ( , 1990 . Two different types of the disks arranged alternately: the disk with a steel core coated with the friction material and the disk made entirely of steel were analyzed using the finite difference method (FDM) and the finite element method.
A thermoelastic instability phenomenon for an axisymmetric model of a pad-disk brake system during braking was studied by Lee (2003, 2004) . Normal stress changes during braking were calculated and analyzed.
The thermal cracking mechanism of brake disks was studied in the article by Mackin et al. (2002) . At the first stage, forces acting on the friction elements during braking were determined. Then braking conditions (braking time, initial speed, number of brake applications) that may lead to the development of thermal cracks were established. Based on the calculated radial, circumferential and Huber-Mises equivalent stresses as well as the Coffin-Manson formula, the number of cycles to the appearance of damage to the brake disk was predicted.
An axisymmetric FE model of a high speed train disk brake made of steel to analyze the fracture mechanisms based on experimental studies was developed in the article by Sakamoto and Hirakawa (2005) . The comparative analysis of circumferential stress distributions obtained from numerical calculations and experimental measurements using the strain gauges was carried out. An extensive discussion to improve the strength of the disk by varying the chemical composition of the material was carried out.
A thermomechanical analysis of the transient temperature field and the stress in the pad-disk brake system during a single braking was carried out in the article by Gao et al. (2007) . The calculations were conducted using FE based software ANSYS 8.1. An algorithm for thermomechanical coupling for the contact problem was developed by means of ANSYS Parametric Design Language (APDL). An emphasis was placed on the discussion of the thermal fatigue question leading to thermal cracks.
A coupled thermomechanical problem for a multi-plate dry clutch made of a composite material was studied by Zhao et al. (2008) . Computations of the transient temperature field and normal stress for a single clutch engagement and the disengagement using an axisymmetric contact FE model were carried out. The pressure and temperature distributions in the radial direction as well as the normal radial, circumferential and tangential stress changes were analyzed.
A detailed review of studies concerning FE modeling of thermal stresses in disk brakes and clutches was given in the article by Yevtushenko et al. (2014) .
Temperature distributions, equivalent Huber-Mises stresses and strains in a mine hoist brake disc were studied by article Scieszka and Zolnierz (2014) . The calculations were carried out both for a solid and divided disc (2, 4 and 8 sections) using the 3D thermomechanical finite element contact model. The model was validated by infrared measurements of the temperature field in real industrial conditions.
In this paper, axisymmetric quasi-static thermal stresses in a cast-iron (ChNMKh) brake disk are analyzed using the finite element method. It should be noted, however, that the conclusions drawn are also valid for other materials whose physical and mechanical properties are similar.
Statement of the problem
Consider a single braking process from the initial angular speed ω 0 at time t = t 0 to standstill in the pad-disk brake system shown in Fig. 1a . The displacement of the pads induces contact pressure on the working surfaces of the sliding components, and the angular speed due to friction decreases linearly according to the relationship
The contact pressure is constant and uniformly distributed p = p 0 on the friction surfaces. The slipping process is accompanied by heat generation. The heat flow takes place in the disk and the pads. In view of relatively short duration of the process, the temperature on the inner cylindrical surface of the disk is negligible, therefore the computational model is restricted only to the disk annular section symmetrical relative to its mid-plane ('hat section' is neglected). The pads in calculations are not included.
The non-uniform temperature distribution in the brake disk induces thermal stresses due to thermal expansion. It is assumed that:
• the material of the disk is uniform, isotropic, and its physical and mechanical properties are temperature independent;
• the heating process is described by the linear theory of heat conduction (parabolic type).
Since heat transfer through convection and thermal radiation is negligibly small during single braking (Adamowicz and Grzes, 2011) , in this study it is not taken into account;
• the corresponding thermal stresses are determined from the solution of the linear system of equations of uncoupled thermoelasticity;
• due to geometrical and load symmetry of the disk about the mid-plane, the computational region is restricted to the half δ d of its thickness;
• mechanical interactions are neglected due to their minor impact on the resulting load of the pads and the disk (Dufrénoy and Weichert, 2003) .
Based on the abovementioned assumptions, the corresponding boundary value problem of heat conduction and boundary problem of thermoelasticity will be formulated. 
Heat conduction problem
The transient temperature field T (r, z, t) of the disk will be determined from the solution of the heat conduction equation of parabolic type (Fig. 1b )
at the following boundary conditions (Fig. 1b )
where
At t = 0 the temperature of the disk is constant and equals T 0 .
Thermoelasticity problem
The non-uniform temperature field of the disk induces thermal stresses. That effect is particularly evident for the friction pairs subjected to high temperature gradients, which occur during braking (Chichinadze, 1967) .
The equilibrium at any point of the area in question satisfies the Navier-Lamé differential equations of equilibrium (Noda et al., 2003) 
The system of partial differential equations (2.10) will be solved at the following boundary conditions (Fig. 1c) : -on the friction surface z = 0
-on the plane of symmetry z = −δ d
-on the inner cylindrical surface of the disk r = r d
-on the outer cylindrical surface of the disk r = R d
where (Noda et al., 2003) 
and
FE discretization
Heat conduction problem. In this Section, a general finite element procedure to obtain an approximate solution to the thermal problem will be given. Applying Galerkin's method to parabolic heat conduction equation (2.2), we get the following matrix equation (Noda et al., 2003) 
The solution of Eq. (3.1) relies on the time integration methods. The following finite difference approximations are introduced
where {T} t is the temperature at time t. Substituting Eq. (3.2) to Eq. (3.1), the system of linear algebraic equations is obtained
In Eq. (3.3) all of the terms on the right-hand side are known. The only unknown is the temperature {T} t+∆t at the time moment t + ∆t. The value of the parameter β may vary from 0 to 1, defining the particular algorithm to be used. If β = 0, the algorithm is the forward difference method (Euler method), if β = 0.5, the algorithm is the Crank-Nicolson method, and if β = 1, the algorithm is the backward difference method. If β 0.5, the algorithm is unconditionally stable. For β < 0.5, the algorithm is conditionally stable and depends on some critical time step (Huebner and Thornton, 1982 ).
Thermoelasticity problem
The constitutive equation (a relationship between the strain and the stress) for the elastic body including initial strain ε T , resulting from thermal expansion (or other cause) may be written in the following matrix notation (Zienkiewicz et al., 2005) 
The elasticity matrix D contains appropriate material properties (elastic constants) and is obtained from the relationship between stresses and strains)
The strain-displacement relations of the elastic body (brake disk) in the matrix form are as follows ε = Bu (3.6) where ε = [ε r , ε θ , ε z , γ rz ] T , u = [u r , u z ] T -represents the column vector including components of displacement of the point, of the r and z of the cylindrical system coordinate system; B is the matrix of differential operators
For the isotropic material vector of components of the tensor of thermal strain ε T is given by
where T is an average increase in temperature in the finite element.
In mechanical problems, it is convenient to use the variational principle of minimization of functional of total potential energy, which, as a result, leads to the system of linear algebraic equations
The stiffness matrix of an element K and the force vector F due to initial strain (non-uniform temperature distribution) is given by
The integrals in equations (3.10) are taken over the whole surface area A on which the tractions take place (Zienkiewicz et al., 2005) .
The heat conduction and the thermoelasticity problems are analyzed in two stages using the finite element based software MSC.Patran/MSC.Nastran (MSC.Nastran Thermal Analysis User's Guide, 2002). First the numerical solution of heat conduction problem during braking allows one to determine the transient temperature field for the established time steps. Then the obtained outcomes are used as the boundary conditions (non-uniform temperature distribution) for the thermoelasticity problem result in the stress field for the specific time moments. Due to the large number of time steps and consequently great amount of data for further transformation, authorial software automatizing the process of generation of computational cases to study is developed. The pre-/post processor (MSC.Patran) is used for the realization of operations based on accessing the data from the heat conduction problem and generation of the reports, which are then transformed to the form of the boundary conditions for the thermoelasticity problem. The script written in Python programming language generates the input files to the MSC.Nastran. For the presentation of the significant number of results in the form of the stress tensor components changes during braking, an additional program is developed.
According to the abovementioned algorithm, at the first stage of the computations, the transient temperature fields of the disk with the fixed time step of the analysis ∆t = 0.001 s are calculated. Further evaluation of quasi-static thermal stresses due to non-uniform temperature fields requires consideration of separate computational cases for the established time moments. In order to obtain smooth thermal stress changes in the disk, time step ∆t = 0.01 s is established.
In order to analyze the thermal and mechanical problem separately, the same FE element mesh is used. The region of the disk is divided into 209000 linear triangular three-node axisymmetric elements 'CTRIAX6' and 105561 nodes. The dimension of each element in the axial and radial direction is approximately equal (∆r = ∆z = 0.05 mm) (Fig. 1b) .
Numerical analysis
A single braking process at a constant deceleration from the initial angular speed of the disk ω 0 = 88.464 s −1 to standstill during t = t s = 3.96 s is studied. It is assumed that at the initial time moment of the braking process, the temperature of the disk is constant and equal to the ambient temperature T 0 = T a = 20 • C. The dimensions and properties of the components of the pad-disk brake system and the operating parameters of the process are given in Table 1 . As mentioned, at the first stage the transient temperature distributions in the disk during braking are calculated. The values of temperatures obtained at the given time moments, with a suitably selected time step, are used for calculation of the distribution of quasi-static thermal stresses.
The temperature changes on the friction surface z = 0 during braking for specific radii (r d = 66 mm -inner radius of the disk, r p = 76.5 mm -inner radius of the pad, r m = 95 mmaverage radius of the pad, and R p = R d = 113.5 mm -outer radius of the pad and the disk) are shown in Fig. 2a . The corresponding evolutions of the radial σ r , circumferential σ θ and the equivalent Huber--Mises σ HM stresses are shown in Figs. 2bcd, respectively. The remaining components of the stress tensor (σ z and σ rz ) are not shown due to their negligibly low values (order of 10 −2 ). It can be seen that the maximum values of σ r , σ θ , σ HM (during the first half of the braking time) occur on the friction surface in the range 95 mm r 113.5 mm. However, after that time (t ≈ 2 s), the highest stresses (σ θ , σ HM ) are reached on the inner edge of disk r d = 66 mm. Maximum radial compressive (negative) stresses at r p and r m occur approximately at the same time t ≈ 0.5 s (Fig. 2c) . Next, an apparent linear decrease in σ r to about t ≈ 3 s (r p = 76.5 mm) takes place, and the sing is changed to positive. The maximum compressive circumferential stress σ θ in the heating area occurs slightly later (Fig. 2d) . For r d = 66 mm (inner edge of the disk), the circumferential stress throughout the entire braking process is tensile.
The temperature distributions on the friction surface z = 0 in the radial direction r for the specific time moments are shown in Fig. 3a . The temperature out of the heating area 0 r r p increases slightly with the braking time. In the heating area r p r R p , the temperature increases with an increase in the distance from z axis. This effect stems from the increase in the relative sliding speed which affects the heat flux density q d , Eq. (2.5) 1 .
The corresponding distributions of the stress components σ r , σ θ and σ HM in the radial direction r are shown in Figs. 3bcd, respectively. The radial stresses σ r almost in the entire braking process are compressive (Fig. 3b) . A change in the sign occurs approximately at the end of braking (t = 3.96 s). The highest positive value is equal σ r = 6.43 MPa (r = 83.45 mm, t = 3.96 s). The maximum negative equals σ r = −32.87 MPa (r = 103.2 mm, t = 0.5 s). It should be noted that according to the boundary conditions, Eqs. (2.9) and (2.10), the radial stress becomes zero at the outer and inner cylindrical surfaces of the disk.
The circumferential stress σ θ is positive on the contact surface in the region free from heating 0 r r p (Fig. 3c) . At fixed time moments, the highest value of σ θ in this region is obtained at the inner edge of the disk (σ θ = 48.19 MPa at r = r d = 66 mm for t = 3.2 s) and decreases withan increase in the radial distance r. A further increase in r causes a change in the sign of σ θ in the contact region r p r R p .
The maximum equivalent Huber-Mises stress σ HM = 48.17 MPa is reached on the inner (r d = 66 mm) edge of the disk at the time t = 3.2 s (Fig. 3d) . The lowest σ HM is attained near the border line of the free and heating areas r ≈ r p .
Changes in the equivalent Huber-Mises stress σ HM in the axial direction z for four values of the radius r = 66, 76.5, 95, 113.5 mm at the specified time moments during braking are shown in Fig. 4 . Almost in all cases presented, except for the r = 76.5 mm, the highest values of σ HM occur on the friction surface z = 0. The calculated isotherms in the brake disk (rz plane) at the time moments t = 0.1, 0.2, 1, 2, 3, 3.96 s are shown in Fig. 5a . The highest temperature values for each of the presented isotherm distributions, occurred on the friction surface z = 0, in a short distance from the outer edge of the disk. The temperature increase for the time period t < 0.2 s takes place near the friction surface. With a decrease in the heat flux density q d (r, t), Eq. (2.5) 1 , during braking, the heating weakens (a decrease in the relative slip speed) and the temperature of the disk equalizes in the axial direction z (in thickness). However, the temperature distribution still remains proportional to coordinate r. The maximum temperature for the specified time moments equals T = 100 • C (t = 3 s). Based on the obtained temperature fields, the stress distributions in the disk at the previously specified time moments are calculated. Isolines of the stress tensor components σ r , σ θ as well as the equivalent Huber-Mises stress σ HM are shown in Fig. 5bcd . At the initial braking stage (t < 1 s), maximum values of stresses σ r , σ θ are negative (compressive) and appear on the friction surface z = 0, near the outer edge of the disk (Fig. 5bc) . The maximum tensile stresses during this period are several times lower. However, both for the positive and negative values of the stress within the entire braking process, a relationship σ θ > σ r is remained. After t ≈ 1 s, the circumferential stress σ θ (Fig. 5c) , follows clear division in the disk zone between compressive (outside) and tensile stresses (inside the disk). The dividing line is fixed approximately at the distance r p from the axis of rotation z (inner radius of the friction surface). The isolines of the Huber-Mises stress σ HM (Fig. 5d) for the braking period t < 1 s are similar to isotherms shown in Fig. 5a -the highest values of the equivalent stress σ HM are obtained on the friction surface, in a short distance from the outer edge of the disk. After that time, the area of maximum values of the equivalent stress is localized near the inner edge (r < r p ). In the surrounding area of r p , the minimum value of the σ HM is reached. At the stop time moment t = 3.96 s, the isolines of the equivalent stress equalize in the thickness of the disk.
Conclusions
The axisymmetric quasi-static thermal stresses in the brake disk using the finite element method are studied. Based on the calculated results, the following conclusions are drawn:
• the radial component of the temperature gradient resulting from the thermal load f V p (proportional to the sliding velocity) induces the radial stress σ r , which in turn affects the circumferential stress component σ θ . This agrees well with the outcomes obtained for the multi-plate clutch analyzed using FDM and FEM by Zagrodzki (1985) ;
• at the uniform contact pressure distribution, the highest Huber-Mises stress σ HM is reached on the inner surface of the disk; slightly lower values are attained on the friction surface z = 0 within the outer area of the rubbing path r m r R p ;
• for the studied problem of frictional heating of the disk during single braking of a typical passenger vehicle, the equivalent Huber-Mises stress σ HM is approximately twice lower than the yield strength of the studied material (cast iron);
• the normal circumferential stress σ θ on the friction surface, which due to axial symmetry constitutes the principal stress, reaches maximum value. The normal axial stress component σ z is negligibly low during the considered single braking process.
The maximum equivalent Huber-Mises stress is reached on the inner cylindrical surface of the disk. In this paper. the influence of the mechanical load on the distribution of the stress in the disk is not taken into account. The study of the concurrent mechanical and temperature interactions, however of minor importance, are going to be studied further.
